Abstract. If A K and A L are adèle rings of global fields K ⊆ L, then A K may be identified with a topological subring of A L via the injection con L/K : A K → A L . For a fixed global field F and a possibly infinite Galois extension E/F , we examine the direct limit
(ii) U v is open in K v . It is straightforward to verify that these sets do indeed form a basis for a topology on A K , and moreover, this topology causes A K to be a locally compact, metrizable, topological ring.
If (G, +) is an arbitrary Abelian metrizable topological group, then we may define a notion of completeness following the methods outlined in [3, Ch. III, §3] . A sequence {α n } ∞ n=1 in G is Cauchy if for every open neighborhood U of 0 there exists N ∈ N such that α m − α n ∈ U for all m, n ≥ N . We say that G is complete if every Cauchy sequence in G converges to a point in G. In cases where G is not necessarily complete, one may form the completion of G which is unique up to isomorphism. If H is another Abelian metrizable topological group which is isomorphic to G, then the completions of G and H are also isomorphic. For a topological ring R, we shall often use the above terminology in relation to R, in which case we are referring to the additive group of points in R. It is possible to show that A K is complete, however, we do not do so here as we will establish completeness of a more general object later in this article.
Suppose now that L is a finite extension of K. If w is a place of L, then the restriction of w to K defines a place of K. In this case, we say that w divides v and we write Y (L/K, v) to denote the set of all places of L which divide v. It is well-known that Y (L/K, v) is a non-empty finite set for all v ∈ Y K . If a ∈ A K has the form (1.1) then there exists a unique point
such that b w = a v for all w ∈ Y (L/K, v). We say that b is the conorm of a from K to L and we write b = con L/K (a). In this way, we interpret the conorm as a map con L/K : A K → A L . This definition of con L/K as well as an alternate equivalent definition is provided in [4, Ch. II, §19]. One easily checks that con L/K forms a topological ring isomorphism of A K onto con L/K (A K ) with the subspace topology. For each finite extension M/L we observe that con M/L • con L/K = con M/K .
We now fix a global field F for the remainder of this article. Many of the objects we consider depend on F , however, we shall often suppress this dependency in our notation. For each (possibly infinite) Galois extension E/F we set I E = {K ⊆ E : K/F finite Galois}.
Under these assumptions, A K , con L/K defines a direct system over I E and we may form the direct limit
in the category of topological spaces. As such, A E is equipped with the usual final topology. Since E/F is Galois, A E is the same as the direct limit which is obtained using the index set {K ⊆ E : K/F finite}. Furthermore, there is a ring structure on A E which causes the canonical maps A K → A E to be injective ring homomorphisms, and using properties of conorm maps, it is possible to verify that A E forms a metrizable topological ring. Rogawski [9, Ch. 3] refers to A E as the adèle ring of E, however, we do not adopt this terminology here as we will use it to describe a different object.
1.2.
Main Results. The problem we seek address is to provide an explicit description of the completion A E of A E . Although this problem is surely vague, it is analogous to that which Allcock and Vaaler encountered in [1] . They sought to study the completion of the vector space V := Q × /Q × tors over Q with respect to the norm induced by the Weil height. Their solution involved defining the set Y E of places of E, defining a topology on Y E , and defining a measure ρ on the Borel sets B of Y E . Then specializing to the case where F = Q and E = Q, they showed how to view the completion of V as the subspace of L 1 (Y Q , B, ρ) consisting of all functions whose integral over Y Q is equal to 0.
In our case, we will recognize A E as a certain space of continuous functions on Y E , denoted A E , which is provided explicitly in Section 2. We will see that A E is constructed in a way that directly generalizes the classical adèles in the case of Galois extensions. Our main result enables us to establish an isomorphism of A E with A E . 
In view of Theorem 1.1(ii), we conclude that A E is isomorphic to lim − → A ′ K as a topological ring. However, the morphisms in this direct limit are simply inclusion maps, and hence, it is equal to A ′ E . Considering these observations, Theorem 1.1 yields the characterization of A E that we desire.
Corollary 1.2. If E is a Galois extension of F then
If E/F is a finite Galois extension then E ∈ I E , so it follows from Theorem1.1(i) and (ii) that A ′ E is already complete. Combining these observations with Theorem 1.1(iii), we conclude that A ′ E = A E . We will find this to be the only scenario in which A ′ E = A E . Theorem 1.3. Suppose E is a Galois extension of F . Then A ′ E = A E if and only if E/F is finite. The subsequent sections of this paper are structured in the following way. We use Section 2 to provide the formal definition of our generalized adèle ring A E . As we noted above, A E is a set of continuous functions on Y E , but this definition cannot make sense on its own since it requires determining the proper codomain for these functions. For this reason, we require some preliminary work including a new definition and three results, Theorems 2.1, 2.2 and 2.3. The remaining sections are devoted to proving our main results and the results given in Section 2.
The Construction of A E

Absolute Values and Places of E.
Suppose that E/F is a Galois extension and Y E is the set of all places of E. If K ∈ I E and v is a place of K, then we write Y (E/K, v) to denote the set of all places of E which divide v. Allcock and Vaaler [1] used the notation Y (K, v) instead of Y (E/K, v). Moreover, they defined Y (E/K, v) to be a certain inverse limit of finite discrete sets and later identified it with the places of E that divide v. The set Y E was defined to be the union of the sets Y (E/F, p). We refer the reader to [1, §2] for the details.
According to the work of Allcock and Vaaler [1, §2] , the collection
is a basis for a totally disconnected, Hausdorff topology on Y E , and moreover, each basis element Y (E/K, v) is compact and non-empty. If E/F is finite then Y E is discrete. For each place p of F , we select an absolute value | | p from p, and as such, | | p extends to a unique absolute value on the completion F p . For every K ∈ I E and v ∈ Y (K/F, p), there is a unique extension of | | p to K v , denoted | | v (see [6, Prop. 2.2] ). Still utilizing the observations of [1, §2] , each place y ∈ Y (E/F, p) may be used to define a unique absolute value | | y on E satisfying the following property:
In other words, not only does y divide v, but the specific absolute value | | y agrees with | | v when restricted to K. Moreover, | | y extends to a unique absolute value on E y whose restriction to K v is equal to | | v .
We assume now that Gal(E/F ) is equipped with the Krull topology as in [8, Ch. IV, §1]. If K ∈ I E then according to [1, §3] , there is a well-defined action of the normal subgroup Gal(E/K) on Y (E/K, v) which satisfies the identity |σ(α)| σ(y) = |α| y for all α ∈ E, σ ∈ Gal(E/K) and y ∈ Y (E/K, v). Moreover, this action is transitive and the map
is continuous (see [8, Ch. II, Prop. 9.1] and [1, Lemma 3], respectively). Thus, each element σ ∈ Gal(E/K) extends to a map E y → E σ(y) which satisfies |σ(α)| σ(y) = |α| y for all α ∈ E y . This means that σ defines an isometric isomorphism from E y to E σ(y) .
Transition Diagrams.
While the isometric isomorphisms provided by [1] play an important role, they are not sufficient on their own to construct A E in the way that we require. Our next definition shows how to select those maps in an appropriate way.
Definition. Suppose E/F is a Galois extension and
We write T (E/K, v) to denote the set of all v-adic transition diagrams on E.
Based on the definition alone, it is not clear whether T (E/K, v) is guaranteed to be non-empty. Our first result of this section resolves this potential concern.
Theorem 2.1. If E/F is a Galois extension and
As we shall see explicitly in our proof of Theorem 2.1, there is no guarantee that T (E/K, v) contains a unique element. While our definition of A E relies heavily on the existence of a v-adic transition diagram, the properties of T (E/K, v) are designed to make that definition independent of the choice of v-adic transition diagram.
2.3. Definition of A E . As we noted in the introduction, we want to define an adèle of E to be a continuous map on Y E . Our next theorem provides us with the tools needed to create a valid definition based on this principle.
If (a y ) y∈YE ∈ y∈YE E y then the following conditions are equivalent:
Equipped with Theorem 2.2, we are able to provide the definition A E which appears in Theorem 1.1. If y is a non-Archimedean place of E we shall write O y = {α ∈ E y : |α| y ≤ 1}.
Definition. Assume that E/F is a Galois extension and K
We shall write A E to denote the set of all adèles of E.
In view of Theorem 2.2, this definition depends only on a. Specifically, it is independent of the number field K, the v-adic transition diagrams λ v , and the places r v . Additionally, we are justified in using the term adèle in this definition. Indeed, if E/F is a finite extension then Y E is discrete, so compactness is equivalent to finiteness and (A.2) is satisfied for all a. In this scenario, we recover the exact definition of adèle for a number field. Of course, our definition applies only to Galois extensions E/Q as we cannot define transition diagram without that assumption.
We now wish to equip A E with a topology, however, we will need a preliminary definition and result. Still assuming that E/F is a Galois extension and
and note the following important result about J.
Theorem 2.3. Suppose that E/F is a Galois extension and
then the following conditions are equivalent:
We are now prepared to equip A E with a topology. Assume that E/F is a Galois extension and K ∈ I E , and for each place v ∈ Y K , let λ v ∈ T (E/K, v) and r v ∈ Y (E/K, v). We take as a basis sets of the form U ∩ A E where
satisfies the following two properties:
As a consequence of Theorem 2.3, this definition does not depend on K, λ v or r v . It is straightforward to check that these sets really do form a basis for a topology on A E . When U is of the form (2.1) satisfying (T.1) and (T.2), we shall often write that U is open in A E rather than A E ∩ U is open in A E . In the case where E/F is finite, our topology coincides with the usual topology on the classical adèle ring A E .
Proofs Related to the Construction of A E
We provide the proof of Theorem 2.1 by using preliminary a technical lemma. For this section, we shall write N 0 = N ∪ {0}.
Lemma 3.1. Suppose E/F is a Galois extension and
If i ∈ N 0 and x and y are places of E dividing the same place of
Proof. We will first prove that for every n ∈ N 0 there exists a map λ n :
If i ≤ n and x and y are places of E dividing the same place of K i then λ n (x, y) ∈ Gal(E/K i ). We will proceed by induction on n beginning with the base case n = 0. Select a place r ∈ Y (E/K, v).
Under this definition, one easily verifies the four required properties. Now assume that λ n is a map satisfying (a), (b), (c) and (d) and define the following expressions:
, such a map must necessarily exist. Now we shall define λ n+1 :
We must establish properties (a), (b), (c) and (d) with n + 1 in place of n. We verify easily that the first three properties hold, so it remains to establish (d). To see this, assume that i ≤ n + 1 and that x and y are places of E dividing the place w of K i . By our assumptions, we know that
If i = n + 1 then w x = w y and λ n (r wx , r wy ) is equal to the identity by property (a). This means that
y τ x and it follows that λ n+1 (x, y) ∈ Gal(E/K i ) as required. Now assuming that i ≤ n, we know that x and r wx both divide the same place of K n+1 , and hence, they must divide the same place of K i . That is, x and r wx both divide w. Similarly, y and r wy both divide w as well. We obtain from (d) that λ n (r wx , r wy ) ∈ Gal(E/K i ). Now applying the definition of λ n+1 along with (3.1), we conclude that λ n+1 (x, y) ∈ Gal(E/K i ).
We may now assume that, for every n ∈ N 0 , λ n :
I to denote the set of functions from I to G and equip G I with the product topology. If {λ n } ∞ n=0 is a finite list of distinct points in G I , then this sequence has a constant subsequence and we may take λ to be that constant. In this case, we immediately obtain the required properties.
We now assume this sequence defines an infinite set. According to Tychonoff's Theorem [7, Ch. 5, Theorem 37.3], G I is compact, and therefore, G I is limit point compact. As a result, {λ n : n ∈ N 0 } must have a limit point λ ∈ G I , so in particular, λ(x, y) is a limit point of {λ n (x, y) : n ∈ N 0 } for all x, y ∈ Y (E/K, v). We now verify that λ satisfies the four required properties.
For (i), assume that λ(x, x) = 1. Since G is Hausdorff, there exists an open neighborhood U of λ(x, x) such that 1 ∈ U . We may select n ∈ N 0 such that λ n (x, x) ∈ U , so (a) implies that 1 ∈ U , a contradiction.
To prove (ii), suppose that λ(x, y)(x) = y and select an open neighborhood U of λ(x, y)(x) such that y ∈ U . Now define f :
Now we may let n ∈ N 0 be such that λ n (x, y) ∈ A. We obtain that (λ n (x, y), x) ∈ A × B ⊆ f −1 (U ) which means that λ n (x, y)(x) ∈ U . Then using (b), we get y ∈ U , a contradiction.
In order to establish (iii), assume that λ(y, z)λ(x, y) = λ(x, z) so that
and select an open neighborhood U of λ(y, z)λ(x, y)λ(x, z) −1 such that 1 ∈ U . We define g :
Since G is a topological group, g must be continuous, so there exist open sets
However, λ is a limit point of λ n in G I with the product topology, there exists n ∈ N 0 such that
It follows that λ n (y, z)λ n (x, y)λ n (x, z) −1 ∈ U , and then (c) yields 1 ∈ U , a contradiction. Finally, to show that (iv) holds, suppose that i ∈ N 0 and that x and y divide the same place of K i . Further assume that λ(x, y) ∈ Gal(E/K i ) and note that Gal(E/K i ) is closed in G. Now define B = Gal(E/K i ) ∪ {λ n (x, y) : n < i and λ n (x, y) = λ(x, y)} so that B is closed. Clearly λ(x, y) ∈ B so we select an open neighborhood U of λ(x, y) which contains no points from B. There exists n ∈ N 0 such that λ n (x, y) ∈ U \ {λ(x, y)}. We cannot have n < i because then λ n (x, y) ∈ B, which would contradict our assumptions about U . This means that n ≥ i and (d) implies that λ n (x, y) ∈ Gal(E/K i ), also a contradiction.
Proof of Theorem 2.1. We know that I E is countable, so we may assume that {K
From this definition, we obtain that the K i satisfy the assumptions of Lemma 3.1. Therefore, there exists a map λ :
(ii), (iii) and (iv). As a result, λ immediately is known to satisfy the first three properties in the definition of transition diagram.
To establish continuity, we shall assume that H is an open normal subgroup of G := Gal(E/K) and σ ∈ G. We must prove that λ
The Galois closure L ′ of L over F belongs to I E , and hence, there
. This means that L ⊆ K i , and as a result, Lemma 3.1(iv) implies that
It follows from (3.
To finish proving our claim that λ is continuous, it is enough to show that
It is obvious that (x, y) ∈ U × V in view of (3.4). Therefore, we assume that (x 0 , y 0 ) ∈ U × V and note that Lemma 3.1 (iii) yields
Since (y, y 0 ) ∈ V × V , we obtain from (3.4) that λ(y, y 0 ) ∈ H, and since H is normal in G, we also conclude that σ −1 λ(y, y 0 ) ∈ Hσ −1 . In other words, there exists h ∈ H such that σ −1 λ(y, y 0 ) = hσ −1 . Then we apply (3.5) to deduce that
We already know that h ∈ H, from (3.3) we have that σ −1 λ(x, y) ∈ H, and finally, the first statement of (3.4) shows that λ(x 0 , x) ∈ H. It follows that σ −1 λ(x 0 , y 0 ) ∈ H so that (x 0 , y 0 ) ∈ λ −1 (σH), as required.
The proof of Theorem 2.2 requires a lemma establishing the continuity of a certain map. If y is a place of E, we shall write B y (c, ρ) = {α ∈ E y : |α − c| y < ρ} for the ball centered at c ∈ E y of radius ρ > 0. Lemma 3.2. Suppose E/F is a Galois extension and p ∈ Y F . Let r, s ∈ Y (E/F, p) and define S = {σ ∈ Gal(E/F ) : σ(r) = s}. Then the map ψ : S × E r → E s given by ψ(σ, α) = σ(α) is continuous.
Proof. Assume U is an open subset of E s and let (σ, α) ∈ ψ −1 (U ). Therefore, σ(α) ∈ U and there exists ε > 0 such that
Since E is dense in E s we may choose β ∈ E such that
Now let L ∈ I E be such that β ∈ L and define H = Gal(E/L) so that H is an open subgroup of Gal(E/F ). It follows that σH is open in Gal(E/F ) and σH ∩ S is open in S.
We define V = (σH ∩ S) × B r β, ε 2 and note that V is open in S × E r . Clearly σ ∈ σH ∩ S. Also |β − α| r = |σ(β) − σ(α)| σ(r) = |σ(β) − σ(α)| s < ε 2 which means that α ∈ B r (β, ε/2). Therefore, (σ, α) ∈ V and it remains only to show that V ⊆ φ −1 (U ). Assume that (τ, γ) ∈ V so that γ ∈ σH ∩ S and |γ − β| r < ε/2. We get from (3.7) that
We may select h ∈ H such that τ = σh. This means that h(β) = β and
Combining these observations yields that |τ (γ) − σ(α)| s < ε and it follows from (3.6) that τ (γ) ∈ U .
Proof of Theorem 2.2. Let f
Without loss of generality, it is enough to assume that f v is continuous for all v ∈ Y K and to show that g w is continuous for all w ∈ Y L . Thus, we assume that
T is an open neighborhood of t. To complete the proof, it is enough to show that g w is continuous on T . To see this, we let S = {σ ∈ Gal(E/F ) : σ(r v ) = s w } and define the following four maps:
For every point y ∈ T , we have that
so to complete the proof, it is sufficient to establish that d, f, φ and ψ are continuous. Clearly d is continuous, and furthermore, f is simply the restriction of f v to T , so it is also continuous. The continuity of φ follows from property (TD.4) and the fact that Gal(E/F ) is a topological group. Finally, Lemma 3.2 shows that ψ is continuous establishing the theorem.
Proof of Theorem 2.3. Assume that
To establish (ii), we shall assume that z ∈ Y (M/L, w) and let
({y} × µ w (y, s w )(U y )) .
It is certainly enough to prove that
To see this, assume that v is the unique place of K such that z | v. We have assumed that
Now we define the map
By applying Lemma 3.2, we may verify that f is a continuous bijection, and moreover, it satisfies
where the penultimate equality follows from (TD.1) and (TD.3). Therefore, A = f −1 (B) and the result follows.
Proof of Theorem 1.1(i)
Now that we have defined A E and equipped it with a topology, we may proceed with our proof of Theorem 1.1(i) which begins with a general topological lemma. For Lemmas 4.1 and 4.2, we shall write B(x, r) to denote the open ball in X centered at x of radius r.
Lemma 4.1. Suppose I is a compact space and X is a field with an absolute value | |. Further assume that f : I → X is continuous and Γ i ⊆ X is such that f (i) ∈ Γ i for all i ∈ I. Finally, assume that
Proof. Define a function g : I × X → I × X by g(i, x) = (i, x − f (i)). Clearly g is invertible with g −1 (i, x) = (i, x + f (i)), and it is also clear that g and g −1 are continuous making a g a homeomorphism. For each i ∈ I,
which is open in I × X since g is a homeomorphism. If c ∈ X we shall write B(c, ε) = {x ∈ X : |x − c| < ε}. Since I is compact, by the Tube Lemma [7, Ch. 3, Lemma 26.8] there exists ε > 0 such that
It follows that for each i ∈ I we have B(0, ε) ⊆ Γ i , and thus, B(
If X is any ring we shall define the maps Add : X × X → X and Mult : X × X → X is the obvious ways:
Add(x, y) = x + y and Mult(x, y) = xy.
The following basic lemma describes the behavior of these maps on an arbitrary field with absolute value. 
On the other hand, if 1 > r/(1 + |x| + |y|) then we observe that |ab − xy| ≤ r(|a| + |y|) 1 + |x| + |y| ≤ r(|a − x| + |x| + |y|) 1 + |x| + |y| < r and the result follows.
Proof of Theorem 1.1(i).
Using the fact that E y is a topological field, it is straightforward to verify the ring axioms of A E . Now fix K ∈ I E , and for each place v of K, we let λ v ∈ T (E/K, v) and r v ∈ Y (E/K, v). It remains to prove that the ring operations define continuous maps A E × A E → A E , that A E is a metric space, and that A E is complete.
Proof that the ring operations are continuous: We begin with addition. We shall assume that
is open in A E , i.e., U satisfies properties (T.1) and (T.2). According to (T.2), we know that
. By combining (A.1) and (T.1), we obtain a compact set Z ⊆ Y E such that a y , b y ∈ O y and U y = O y for all y ∈ Y E \ Z. Therefore, we may assume that S is a finite set of places of K containing all Archimedean places such that Z ⊆ ∪ v∈S Y (E/K, v). Certainly a y , b y ∈ O y and U y = O y for all y not dividing a place in S.
For
. Since a, b ∈ A E , f v and g v are both continuous, and since E r is a topological field,
Then by applying Lemma 4.1 and (4.1), there exists ε v > 0 such that
Using the fact that λ v (y, r v ) is an isometric isomorphism, we conclude that
Now set
We must now show that V and W are open in A E and that (a, b) ∈ V × W ⊆ Add −1 (U ). Certainly (a, b) ∈ V × W and V and W satisfy (T.1). Additionally, the continuity of f v and g v ensures that V and W satisfy (T.2) and we conclude that V and W are open.
It remains to show that V × W ⊆ Add −1 (U ). To see this, we suppose that c = (c y ) y∈YE and d = (d y ) y∈YE are such that (c, d) ∈ V × W . If y does not divide a place in S, then c y , d y ∈ O y , and hence, c y + d y ∈ O y . But U y = O y for all y not dividing a place in S, and therefore, c y + d y ∈ U y . If y divides a place v ∈ S then (c y , d y ) ∈ B y (a y , ε v /2) × B y (b y , ε v /2). According to Lemma 4.2, we obtain that c y + d y ∈ B y (a y + b y , ε v ) and it follows from (4.2) that c y + d y ∈ U y . We have now established that Add : A E × A E → A E defines a continuous map.
Next, suppose that (a, b) ∈ Mult −1 (U ) and select S in the same way as before. In this case, we apply Lemma 4.1 to obtain ε v > 0 such that
From a similar application of Lemma 4.2 we have completed the proof that A E is a topological ring.
Proof that A E is a metric space: According to the Birkhoff-Kakutani Theorem (see [2, 5] ), it is sufficient to show that {0} is closed and that 0 has a countable base of neighborhoods. If a = (a y ) y∈YE = 0 then assume x ∈ Y E is such that a x = 0. We may assume that v is the unique place of K with x | v. Furthermore, using (A.1), we may assume that S is a finite set of places of K containing v and all Archimedean places such that a y ∈ O y for all y not dividing a place in S. If we set We know that that φ((S, n)) is a well-defined map to B. Now assume that U = y∈YE U y ∈ B so there exists a compact set Z ⊆ Y E such that U y = O y for all y ∈ Y E \ Z. In particular, there exists S ∈ Ω such that Z ⊆ v∈S Y (E/K, v). For each v ∈ S, Lemma 4.1 ensures that there exists ε v > 0 such that B rv (0, ε v ) ⊆ λ v (y, r v )(U y ) for all y ∈ Y (E/K, v). If we let ε = min v∈S {ε v } then certainly B rv (0, ε) ⊆ λ v (y, r v )(U y ) for all y dividing a place in v ∈ S. Now choose n ∈ N such that 1/n ≤ ε and it follows that B rv (0, 1/n) ⊆ λ v (y, r v )(U y ) for all y dividing a place in v ∈ S. λ v (y, r v ) is an isometric isomorphism so we get B y (0, 1/n) ⊆ U y for all y dividing a place in S, and hence φ((S, n)) ⊆ U .
Proof that A E is complete: We assume that a n = (a n,y ) y∈YE is a Cauchy sequence in A E . By setting B = y∈YE {α ∈ E y : |α| y ≤ 1}, there must exist N 0 ∈ N such that a n − a m ∈ B for all m, n ≥ N 0 . This means that |a n,y − a m,y | y ≤ 1 for all m, n ≥ N 0 and all y ∈ Y E . Additionally, there exists a compact set Z ⊆ Y E containing all Archimedean places of E such that |a N0,y | y ≤ 1 for all y ∈ Y E \ Z. If n ≥ N 0 and y ∈ Y E \ Z then |a n,y | y = |a n,y − a N0,y + a N0,y | y ≤ max{|a n,y − a N0,y | y , |a N0,y | y } ≤ 1, and we have shown that (4.3) a n,y ∈ O y for all n ≥ N 0 and all y ∈ Y E \ Z.
By definition of A E , the maps f n,v : Y (E/K, v) → E rv given by f n,v (y) = λ v (y, r v )(a n,y ) are continuous.
We claim that f n,v converges uniformly for each v. To see this, fix a place v ∈ Y K , let ε > 0, and define
We know that y∈YE U y is an open neighborhood of 0 in A E so there exists M v ∈ N such that |a n,y −a m,y | y < ε for all m, n ≥ M v and all y ∈ Y (E/K, v). Thus, f n,v defines a uniformly Cauchy sequence on Y (E/K, v), and since E rv is complete, it must converge uniformly to a continuous function
For each place y ∈ Y E we may assume v ∈ Y K is such that y | v. Now set b y = λ v (r v , y)(f v (y)) and b = (b y ) y∈YE . so that b must satisfy (A.2). If y ∈ Y E \ Z and n ≥ N 0 then we recall from (4.3) that a n,y ∈ O y . But a n,y converges to b y in E y we must have b y ∈ O y as well, and it follows that b satisfies (A.1). It remains to prove that a n converges to b in A E .
Let V = y∈YE V y be an open neighborhood of b in A E . By (T.1), there must exist a compact set
For each y not dividing a place in S, then we must have y ∈ Y E \ Z, and (4.3) implies that a n,y ∈ O y for all n ≥ N 0 . But also y ∈ Y E \ Z ′ , so we know that O y = V y and we have found that a n,y ∈ V y for all n ≥ N 0 and all y not dividing a place in S.
Now assume y is a place of E dividing a place v ∈ S. We apply Lemma 4.1 to obtain ε v > 0 such that
is an isometric isomorphism, we conclude that a n,y ∈ V y for all n ≥ N v and all y dividing a place v ∈ S.
By setting N = max{N 0 , max{N v : v ∈ S}} we obtain that a n ∈ V for all n ≥ N .
Proof of Theorem 1.1(ii)
We continue to assume that E/F is Galois and
and its values belong to O y except on a compact subset of Y E . These observations imply that b ∈ A E and we obtain a map con
When E/K is a finite extension, then our definition of conorm agrees with the definition provided in the introduction. In cases where E is clear from context, we shall often simply write A
We obtain the following theorem which resolves Theorem 1.1(ii).
Theorem 5.1. If E/F is a Galois extension and K ∈ I E then con E/K defines a topological ring isomorphism from
Proof. The commutativity of the diagram follows from (5.1) and it is trivial to verify that con E/K is a injective ring homomorphism. It remains to show that con E/K is continuous and open as a map onto A ′ K . For each place v of K, we assume that λ v ∈ T (E/K, v) and r v ∈ Y (E/K, v).
We now prove that con E/K is continuous. Assume that U = y∈YE U y is an open subset of A E and a = (a v ) v∈YK ∈ con −1 E/K (U ). For every place v ∈ Y K and every place y ∈ Y (E/K, v), the definition of conorm implies that a v ∈ U y , so we conclude that
, and therefore,
We know there exists a finite set S of places of K such that U y = O y for all y not dividing a place in S. Define
There exists a finite set S of places of K such that
For v ∈ S, we may assume without loss of generality that
Indeed, sets of this form are a basis for the topology on A K . Now define U = y∈YE U y where
Since λ(y, r v )(c v ) = c v we know that Proof. Since Gal(E/F ) acts transitively and continuously on Y (E/F, p), it is enough to show that r is not an isolated point. Since E r /F p is an algebraic extension of complete fields, this extension must actually be finite (see [8, Ch. II, §4, Ex. 1]). Now assume that r is an isolated point. Hence, there exists K ∈ I E and a place v of K such that r is the only point belonging to Y (E/K, v). Since E/F is an infinite extension, we may define a collection of fields {K (i) : i ∈ N 0 } ⊆ I E such that K (0) = K and K However, we have noted that E r /F p is finite which contradicts (7.1).
Proof of Theorem 1.3. As we noted in the introduction, it follows directly from Theorem 1.1(iii) that if E/F is finite then A ′ E = A E . We now proceed to establish the converse. We assume that E/F is infinite and consider two cases.
Case 1: Suppose there exists a place p of F and r ∈ Y (E/F, p) such that E r /F p is transcendental. As a result, we may choose a point α ∈ E r which does not belong to any finite extension of F p . Assume that λ is a p-adic transition diagram and let a = (a y ) y∈YE be such that a y = λ(r, y)(α) if y | p 0 if y ∤ p.
Clearly a satisfies properties (A.1) and (A.2) so that a ∈ A E . If K ∈ I E and v is the place of K such that r | v then α ∈ K v since otherwise α would belong to a finite extension of F p . This means that a cannot belong to con E/K (A K ). As this argument applies to any K ∈ I E , we conclude that a cannot belong to A ′ E . Case 2: Suppose there exists a place p of F and r ∈ Y (E/F, p) such that E r /F p is algebraic. We know that Y (E/F, p) is Hausdorff and compact, and therefore, it is regular. In addition, Y (E/F, p) has a countable basis, which means that the Urysohn Metrization Theorem [7, Ch. 4 , §34] applies and shows that Y (E/F, p) is a metric space. Since Y (E/F, p) is totally disconnected and has no isolated points according to Lemma 7.1, it is homeomorphic to the Cantor set (see [10, Corollary 30.4] ). Consequently, there exists an injective continuous map f : Y (E/F, p) → F p , and we define a = (a y ) y∈YE where
Clearly a satisfies property (A.1). Assuming that λ ∈ T (E/F, p) and r ∈ Y (E/F, p), we also know that λ(y, r)(a y ) = f (y) for all y ∈ Y (E/F, p). It now follows that a satisfies (A.2) and belongs to A E . On the other hand, if a ∈ A ′ E then there exists K ∈ I E such that a ∈ con E/K (A K ). Therefore, f is constant on Y (E/K, v) for all v ∈ Y (K/F, p). However, Lemma 7.1 shows that Y (E/F, p) cannot have isolated points. In particular, Y (E/K, v) contains more than one point, contradicting our assumption that f is injective.
